For a positive integer n, let θ(n) denote the smallest positive integer b such that for each system S ⊆ {x i
In this article, we propose a conjecture which implies that there exists an algorithm which takes as input a Diophantine equation D(x 1 , . . . , x p ) = 0 and returns the message "Yes" or "No" which correctly determines the solvability of the equation D(x 1 , . . . , x p ) = 0 in positive integers, if the solution set is finite. Let E n = {x i · x j = x k , x i + 1 = x k : i, j, k ∈ {1, . . . , n}} For a positive integer n, let θ(n) denote the smallest positive integer b such that for each system S ⊆ E n which has a solution in positive integers x 1 , . . . , x n and which has only finitely many solutions in positive integers x 1 , . . . , x n , there exists a solution of S in ( [1, b] 
n . We do not know whether or not there exists a computable function ξ : N \ {0} → N \ {0} which is greater than the function θ : N \ {0} → N \ {0}.
Theorem 1.
We have: θ(1) = 1 and θ(2) = 2. The inequality θ(n) 2 2 n−2 holds for every integer n 3.
Proof. Only x 1 = 1 solves the equation x 1 · x 1 = x 1 in positive integers. Only x 1 = 1 and x 2 = 2 solve the system {x 1 · x 1 = x 1 , x 1 + 1 = x 2 } in positive integers. For each integer n 3, the following system
has a unique solution in positive integers, namely 1, 2, 4, 16, 256, . . . , 2 2
Theorem 2. For every positive integer n, θ(n + 1) θ(n) · θ(n).
Proof. For every k ∈ {1, . . . , n}, if a system S ⊆ E n has only finitely many solutions in positive integers x 1 , . . . , x n , then the system S ∪ {x k · x k = x n+1 } has only finitely many solutions in positive integers x 1 , . . . , x n+1 . 
has a unique solution (a 1 , . . . , a n+5 ) in non-negative integers. The numbers a 1 , . . . , a n+5 are positive and max (a 1 , . . . , a n+5 ) = a n+4 = 2 2
Proof. The system equivalently expresses that x 2
Hence,
Therefore, x 1 + 2 divides 2 2 n + 1. Since x 1 + 2 2 and 2 2 n + 1 is prime, we get
Hence, x n+2 = 2 2 n and x n+3 = 2 2
The following positive integers
give the solution which is unique in non-negative integers. The number a n+5 is positive because Proof. The new 9 variables express the following polynomials:
We can compute a positive integer n > p and a system T ⊆ E n which satisfies the following two conditions: 
There exist positive integers a and b and finite non-empty lists A and B such that the above equation is equivalent to
b units and all the numbers k, i 1 , j 1 , . . . , i k , j k belong to N \ {0}. Next, we apply Corollary 5. By the equivalence (E), the system T n is solvable in positive integers, 2 · n 2 = u, n = x 1 , and f (n) = f (x 1 ) = x 2 < x 2 + 1 = y The system T n consists of equations of the forms α + 1 = γ and α · β = γ. Since T n has only finitely many solutions in positive integers, y θ(n). Hence, f (n) < θ(n). 
